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ABSTRACT

The growth of & vapor bubble in a suparheated liquid is controlled by
three factors: the inertia.of the liquid, the surface tension, and the vapor
pressure, As tar bubble grows, evaporation takes place at the bubbie boun-
dary, and the temperatire and vapor prassure in the bubble are thersby
dacrsased, Tha hoeat {aflow raqu.zament of evaporation, however, dapends
on the rata of bubbia growth, so that the dynamic problem is linkad with a heat
diffusion problam, Since the haat diffusion problam has been solved, a
quantitative formulation of the dynamic problem can be given, A solution for
the radius of the vapor bubble as 8 function of time is obtainad which is valid
for sufficiently large radius. This ssymptotic solution covars the range of
physical intarest since the radius at which it becomes valid is nsar the lower
limit of experimental observation, It shows the strong effect of haat diffusion
on the rate of bubdle growth. Comparison of tha predicted radiua-time be-

. havior 13 made with axgzarimantal obaervations ia superheatzd waier, and very
good agrzameant i3 found,
b

1. INTRODUCTION

Whaa thz vapor przasuzre ia 2 lquid exczeda the ambiant prasaurs:, it
bacomas ;:oaaiol'- for a vagor bubdl: to Jrow fzom a amall "nucbu::" ia 2
lignid, ‘I‘ai: mmel2ua §3 a re2gion of noaliguid phas2 and nr=:sumaoly con3ista
ofa 333 o- v3Fo7 phade stabilizad on a soMd marticl:, Thz rate of growvth of
a vizor b'wch, oac3 Iozm«d i3 d2larmmiazd by tha surire2 tansion, a2
ltj'nd in:riia, 2ad 1t difizranc: Batwest Vi2 priisusz wilthia a2 dubdl: and
thz ambiant, or 2xtzzml, pradduse.  Ia a2 dalial stagzs of the dubdl: 2xpaa-
sion, <7h2a k2 forc23 ar2 nrazly in equilibzium, th2 growth i3 slowv but it is
acc:l27a2:d "vith incr2a32 ia budblz aicz b2eause cf the rrductlon in susiace
tznsion, Wira th: ralz of budbdl: growtd L2comza aapx‘-chblz, kowrzvar, the
tarnnzzatura and hanez the preasure within the bubdbla drop and the ratz of
growth {3 d2ezzazad,  On2 mijat, thareinre, expect a maximum ia the valo-
city of the budblz wall, The reduction of ths ternpzrature within the bble is
a conszquznce of the 1ntent heat requirermznt of the evaporation waie. akars
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place at the vapor-liquid Interface as the bubble grows.

For the quanuuuve solution of the problem, some -;mplityin_g physi-
cal anumptiom may be made, The example considered in detail heu is that
of a vapor bubble growing in moderately mperhoated water, and the argumanu
for the vandity of the goneral assumptions are justiﬁed for this casc. ‘

It will Lo assumad that tha bubbls i3 spherical throughout ita growth,
This assumption i3 raasonabla providad tha radial acczleration and vzlocity are
small, for with a spherically symmatric extarnal presaure ficld tha spharigal
shape will then be stabls under ths actiomof aurface tension. 1

Ezxcludad from consideration i3 the asymmetric, buoyant force of
gravity which becomeés important if the bubble growth is followed for so long a
time thata aigni!icaat translationzl velocity is acquired. A translational velo-
“eity of the bubble as a whola not only causss ¢ daeformation in shape but also
increases the rats of hast inflow to the bubble over that used in the analysis
‘presentzd relow, Ia watzr superhratzd by about 10°C, no gzeat error i3 intro-
duczd by the buoyant forcz providad ths bubdle growth is not followad tayond 2
radius of approximatezly 1 mm,.

For a superiaat of 10°C in watar, a vapor bubddlz grows from its
initial microscopic asize to a radiuil of 1 mm in a-tirse of the ordey of 10 milli-
see, TX2 corre 3'condm3 averagz zadial vﬂocit*j of 10 em/3zc i3 vary small
comzazed "dta th° vzlo:i‘wj ol Jouad ia i ujuid so that comnr*uﬂnh.“/ 2iiz2¢l3
may T2 e:amml; naglﬂc*.ad ia b2 motion of th2 ligquid proauc:d by 2 dudhl:
gromth, It may al:xo T2 ahe om that viseous aifz¢ta azre waimroriaat, 2 The
bydr od;m:smic zqu:xtmn of mntion, wiich crnzaina !" Y effact of t2 hqui'l iazrHa,
is thus 32 ')’lj simpliilad,  Thz duddls wall valae” 'y 13 also va:r;r sl Symzared
with A2 ﬁlaci*y of aound ia 22 vazoT 30 Mt ccm*ar::aimuh; 22¢l3 222 va-
imzoz2anl Rz nl w'll On2 haa 2 fuslier slnpllication in the v:vcor r*ﬂion
thut tha vaor _ﬂ'miz‘/ i3 20 .r*nn 32at it in2rdia elfzeiy may T2 :3311:?. d, It
t2:a Iolla'73 Izom B"z"*'aul'h'.) ﬂ';“n't* sn anpliad to o fluid of ::131131‘913 danaity
tiat t023 pr2oure withia the vazotr z:3lon may b2 takea as unliorm, I» addilion,
siace th2 acoustie vqloci*y ia th2 vapor i3 20 largz, the pra:aur withia tha
vazor follaws pzactisany instaal 1asously its valuz at the2 budbdiz wall, Wa2a the

lM. S. Plesset, J, Appl. Pays,, in press.

ZF. R. Gx!mu :, Report 26-4, Hydrodynamics LLaboratory, Californid
Inatimabs Al Tl aglany,  Aapil 10073,



«3-

velocity of tho bubble wall is sufficiontly slow, the prossure of the vapor is
given by tha equilibriuin vapor pressure of the liquid, That this is the casc
for the present problem may be soen as follows, The mean valocuy appro-
priate for the rate of avapontion from a liquid surface is (B 'r/sz)

where B is the gas constant, T the absolute tomperature, and M 1is the
molecular weight, This velocity must bs reduced by the coefficisnt for evapo-
ration which has the value 0. 04 for water. 3 Tha critical valocity for a water
surface at approximataly 100°C is thorefoze about 3 m/aee, which i3 appre-
clably greater than the radial veloeliiics encountared hare, 30 that tha prassurs
deficioncy from the equilibrium vapor pressure may be neglectad,

The temp_ct"itur_q‘ of the vapor weuld, in gensral, vary with position
in the bubble as well as With time. The approximation will ba made, kowever,
that the thermal diffusivity Df of ths vapor is so large that tamparature
gradhnta are negligible within the bubble. In water vapor the charactzriatic
diffusion length (2 D't)‘/ 2 {8 0.24 cm for t=10"% sec. For ta2 graatzat
supsrh2at considared hers (= 10°C) tha'budble radius at this tim2 i3 approx-
imatzly 0,1 cm, which i3 significaatly smallar than the characteristic dilfusion
length, Tae approximation of uniform tzmperature within thz vazor improvas
with decrzase ia :super‘mat

In summnr‘j,' tl:e ;bhyﬁc:\l raodz2l uzon «hich tha caléuhhion.z ares basad ’
con3ista of 3 ophizzrienl vazoz buddlz ~vhich has waiform tarnpazadar: aad
prasaurz; the temgperaturz of tha vazor i3 that of the liquid at 12 Hubdlz wall,
apd th2 przsaurz i3 the 2quilidrium vSpo: pr23dur: for that tam;rialure, I
addition, th2 efiecis of viacosity and comanrz3oibility arz n23lacizl Toth in the
vazor and in thz Hguid,

Thaz equation of motion for th2 raldins R of ti2 budbdl: in a noaviicous,

St . . .4
incompr203iblz ligquid a3 a function of time i3

a3+ 3 8% = [R)-5,)/5 (1)

wrarz p {3 ihe lauld denally, § 13 th2 extzrnnl przasurs in 272 lijuld oz
thz pr2asure at infinity,” and p(R) ia th2 pressurz ie tha liquid ai th2 bubble

36. Wylliz, Proc, Roy. Soc. (Loadon) A 177, 333 (1949).

.’H, Lamb, Hydrodynamica (Rever Fub, New York, 1943);

M, S. Pleaaet, 4, Arnl, Moch, 16, 277 (19173),




ha
boundtrv.' A dot denotes differentiation with respoct to time. Tha pressure
p{R) is given In terms of the vapor pressure p, within the bubble by

P(R) = p(T)-2¢/R , {2)

whare ¢ {s the surface tension constant and pv('r) is the equilibrium vapor
preasure for tha tamperature T at tha bubble boundary, In tha following,
the small variations of ¢ and p with tomperaturs are neglacied, It is con-
venieat to introduce a radius R, definzd by the relation

2¢/R, = PuTo) - K (3)

in which’ ) is the tempnatm-e of superheat of the liquid ata distance from
the buhblc. Physizally, R, is the effective initial radius of the bubble; it
rapresents an extrapolation of the free spherical bubble down to the equilibrium
radius {or tha given initial conditions. It should Les noted that a bubbla at rest
with radius R, i3 in unstable equilibrium, The actual nucleus from which
the bubbla 31-0“:3 is not nzcesoarily spherical and ita aurface energy may b
apprzeiakly 1233 than 4:«3 2 ; bowevar, the nucleus from which tha budbie
growa angd tha {rae op‘fxﬂ-ric:l buhbblz of radius R arz both ia unstablz equih-
bzium at the temparature T, aid 2xternal p-eaqure F. Tabla1g'ves a set

of valuss of Ro at various supsrheat tamperatures in watar for a preasure of
B, of on: atm, ' '

In t27m3 of the piramzter Ro » Eqq (1) may be written

' T)- TY+(22/R )J1-R_/R
na+§.ﬁ3=PV" p,,(o)p(v/ JI-RS/R) .
or

(g Y
1 d T)~-2.{T 22/ 1R _ /R
LI aty o BT /30 R/
237’ 4t P

If th2 cooling 2ii2¢t of evaporatioa {5 dinr233zd2d, so that pv(T) r-pv(’l‘c). Z3.
(3) may t2 intrgrated o give

22 (/2R 7 ¢ (19/3,5R,) [1-303/33] - (27/6R) [1-35/3"] . (6)
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This solution will ba refarred to as the Rayleigh solution, s For R>>R,,
Eq. (6) becomes '

22 4 2 -
R~ HE, " I ["vﬂo,'po} ’ . U
which is a constant, |

Th3 actual motion deviatas markadly from that pradictad by the
Rayleigh solution because of the cooling effact. The haat Q which must
be supplied to the bubble per unit time is

4 = /3L SR, o (8)

where L is the latent heat of evaporation per unit mass and p! is the vapor
density, This heat is supplied by conduction from ths liquid into the bubble
so that = I ‘ ' .

@ = wrx(aThr)g , | {9

where k i3 the thermal conductivity of the liquid and (3T/97)g i3 tke temper-
aturz gradieat in the liquid at the bubblz toundary. Hence,

AFTpr)y = <= 5 S R0eY . . (10)

Tiz omall vazrintions ol L and X with famzz2ralurz az2 n23l2zizd, L may e
al:an7a 3hat tha eontributiva of tha tarm *a:cmrt,an:xl dp1/at i3 —onch lzas

th;m that from $22 tarm prozortional to AR /ds. Equation (10): nay T2 approt-
mated, tharefore, by ¢

(aT/ar)a'.:: (Lo'/5)R . (11)

This 1*%.0.:im-‘ion 15 plauaibla zhyoleally siace Mo voluma2 incv2132) Dy
orders of magnitude, vailz tha vazors densiiy ehanjzas vary lithls S2cuse of
thz small tamyarature d2er2a3e during the buddlz growth,

Equation (11) toj2t>2r with the specification of ths tamparature at

5

The solntion for the motion of A huhbly uinder suih \,onst‘m* prassus

conditions was given by R\\,l izh, T'hil, Liag. 3, 94 (1917) nnd apolied by o
to the civg» r‘f'\rul‘:“nx e >L,
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infinity T detormines the teriperature field in the liquid, The solution for
this tomperature problem with the moving boundary R(t) has been found®
under the assumption that the drop in temparature from T, to the value T

at the bubble boundary takss place in a layer of liquid adjacent to the bubbla
which has small thickness compared with R(t). This approximation of the
“thin thermal boundary layer* is juatified physically because the thermal diffu-

sivity of tha liquid is small, The approximats expression for the tamperature
at the bubbla wall ia”

t
reT, - _?_ ’1/z j‘ R (x)(a'r/ar),.n(,% (12)
o

[ e

The temperature T is thus given in terms of R and R by Eq. {12) so that
P (T) is alzo specified in termc of these variables, Equations (5) and (12)
tharafore datzrminz the dynamic problem of the bubdble 31'0‘7“!'

II. SOLUTION OF THE EQUATICN OF MOTION

Egnaiioas {3) and (12) are conneeizd whan the equilidzium vajzoz pras-

surz i3 apacilizd a3 a funciion of temzezalnrz, Fozr supzrheats not too Iz
abo72 112 doiling tamperaturs Ty ol th2 lguld al tha extleraal pzesouse L

the vapor przssur2 may be agproximalad by a Lasar funclion of th2 tanzine

tuz2y -

p,(T)-2 '

v P e - ‘X‘T-Tb) . (;1‘}
For T=T,, Eq. (13)sgives

25/pR, = A(Toog'b) ' (Y

bacause of =g. (3).

6
7

M. S, Plesact and S, A, 2Zwick, J. Appl. Phya, 23, 95 (1932),

Ref. 6, Eq, (20). The error in £q. (20) may bz estimated from Eq.

(31) of this refarence, TFor the problem discussed here it was fouad to be
leas than 105 of tha differcnee T -TQ at aay tiaie,
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Equation (5) may now bLa writton as

1 d 3:2 2o R
—7gr = (R'R") 3 AT ) 4wz (1) 0 (15)
ER"E dt - °"  pR, R,
it is convenient to usc in place of R the dimensionlass volume ratio
p = RS, (16a)
and in place of t the di\x)ansi,onlell variable
t
u = (o/RJY f R y) ¢y , (16b)
° . i )
where the constant o is defined as RS :
| | W2 | S
o {sv_a} . (16¢;
PR, L o
: " , o
and has tha dimzn3sions of recinpzocal time, Equation {15) then {3 {zansformed
to > ‘
-3
d 1{s)d
& & dPe? - 1--;‘73-»1 f“;n"-z : (17)
< <] o u=-v

in which p!=dp/du and th: dimenasionless paramster p i3 given by -
D) :

= At | D /2 (13)
B = 3xle |7a ° e

)i

T.:3 Tayiical quantitica of int2r23t ar: novw expreaazd as followas



u
ta d f av__ 19
*Jo 57 (v) (o)

R = R°p‘/3 H (19v)

(aR,/3) #p (19¢)

2, 2 u
o R, B i(v) dv :
TeT, & -t j; ﬁ'_L},TR . (194)

The valuas of the radius R for which experimental observations ara
readily obtainable are much grester than R, so that the asymptotic solution
of Xq. {17) (p>>1) is of the greatest physical interest. It is of importance
however, to examine tha initial stages of the bubble growth since a qualitative
€ancrislion of this portion of the problam i3 a2c283zry for aa undarastanding
of 3 asymptotic solutioa, It will be akown that the solution in th2 asymptotic
saage 13 not allaclizd by the dataila of the rmithamatical modsl used to d23cribe
ths behavior of tha * _N\dla for R n2ar Ry 8o that th2 uneartaialy in tha suz-
faza on2rgy for r.nall valeas of R caudza no difficullizs ia tha phyaicsll

s2lications t~ bz mads bera,

A In1%) Goa7th o 1 Jadd,e

it 13 371138 Iom B, (17) that 3 budilz of radiua R (val) 11Ny

at 233t (3{9)=20) A1l zymaia at 720t ia unudlz 2quilidzium, Tay psrdrat
YV Remalical ol zaJuiz s 303y change in 2 exlizaal eonditond L7 ( )

B2 growril wAll Ty inddialed,

T3 pariisalar machaaniazm whied will 2 considarad kaza 3 aziox fa
tha tampazaturs of i3 liquld, Supzoa2, for sxampl:, that thz2za i3 2 constand
k33t oourcz of 23zan3lh 3 p2r unil volumsz 30 thal th2 amouat of a2at a1l:d
P37 unit volumz2 1) fvom t=0 to t=t i3

ns at, (20)

Thzn, if the tamperature of tha bulk liquid is To at t=0, attim=2 t it will ba
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Tw * Totnlec = T +nD/k , (21)

The heat flow pioblem may be mlvred6 for the boundary conditions of Eqs,
(21) and (10), and the temperature at the bubble wall is given by replacing
T, inEq, (12) by T+ In place of Eq, (19d) one has

. .
- R
[P WP

an 2“ u
T - T°+nnh-.__°'_ y dvz » '(22)
' . A o (u-v

The extension of Eq, (17) to include the heat source term is thus

Q
1 & /3.2 . 1 . {v) dv AD .
P =1 773 '*J; -2 I R 7% (23)

For values of P nezar the initial value of unity, one may writs

a
= =2. dv~g
n = at G‘]; m«;““p

wazrs the sudstitution for t follo-ys fzom Eq. (192). Egquaiion (23) now

bzcomza
.’ 14, 1/3 2, _ 1 " P ay - ,
0 e p)-l-m-»oﬁmi*ru. (231)
whiz?
Y = :‘3—’-;?-; . | (24)

T3 condtant vy {a extramaly small; for exampl:, ia watar wity 2 tompara-
turz riss of 1°C/aec and R = xo'3cm. t is approximatzly 10°5, Tha
smallaz03 of ths constaat ¥ impli2a that ths forced gro-wvth away from tha
unstable equilibrium point P=1, p'=0 ia very slow until the bubbl: radius
has incrzased sufficiently for thz surface tension to be partially "relaxed”,

This initial slow growth iz a drlay prriod in the bubbls growth, for th.

e e e i
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. C. l
bLublila radius chinngds very tttlo untll the remajhihg tetms on the right sido of s
Maqs (23') hocome apptociables The bubble growih | then so rapid that the
ohnngc ih the bulk tomperaturq of the iiquid L insignificant, and the term in ¥
may be neglected, The delay period effectively gives an initial value of R
slightly greater than R, from which the impértant growth begins, An approxi-
mate solution may ba found for this initial period of forced growth from the
equilibrium point by linearizing Eq, (23') ; that is, by neglecting terms of the
sacond order in p-1 and ita derivativas, The details of this calculation will
not be presented here ; but, as would be expectad, the forced growth away from
the equilibrium has an exponential behavior: \)

RN Ro[l + + e‘p‘] . (25)

p(3p=+1)
The temperature at the bubble wall ia given approximately by
R 7 2r(1-8) o
TN T, - — d (25)
A 8(33%+1) ‘e ,;
Thz constant § is that root of thz equation 2

ﬁz+39(ﬂ§)l/2- 1 =0

foz v7hica ﬁllz i3 poailive,

B, Growih B:hdvdor for R > MRy

Aft2r a2 Dubdle gro- /tn has baan Initiated, thzre i3 a rapid 7iv: in the
valoeily R ualil the cooling .}fect t2ecom?3 imzoriant, - The budblz wnll valo- ,
cily d:cz2a32a continuously thareafizr, MNo obi2evationa on bubdlz growvth in
thals x:jion are as yat availible and ther d:iails of this aaalysis will b2 omitted,
OI wrraant iatar23tis bz asymplotic phai: of the bubhl: gro sth d2trrimiadd by
Ea, (17) which i3 eharactzriz:d by tha limiting effects on R of the haat diiiu- |
siva from thz2 liquid to th: vapor, As R increases, the tamparaturz at the ' "
bubbl: wall d2 “ssasa2s atzadily, but it cannot fall below Tb; for, if th2 vapor . !
tzmoarature { elow Tb , thz pressurz diffarence P, - Po would become 1
)
'

nz3ative and t ubble gro.wvth would be arrestzsd and eventually reversed., Such
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behavior {s excluded on phyaical grounds, It therefore followa that the in-
tegral on the right hand sida of Eq, (17), which {e proportional to the tempera-
turc drop at the bubble wall, must approach a limitas t or u—+»0. A
further physical argument determines more precisely the asymptotic behavior
of this integral; The left hand side of Eq, {17) represents eszentially the
acceleration effects of the bubble growth in the liquid, As the bubble grows,
this acceleration tends toward zero because of the cooling eifact, It therefore
follows that

u
p.f v, vl asu— o . (27)
° {(uev

This usymptotic relation may be inverted to yiel.d’

p(u) ~ -E-'; ' ul/z

If this result is substituted in Eq. (17), it may be werified that Eqs, (17),
(27) and (23) are, in fact, consistant.

as 4 —>»00 , (28)

Egquation (23) is not yet useful since it provides no m2ans of matching
the indicatad asymptotic solution of Eq. (17) with a solution valid for small
valuzs of p. The posaibility of matching solutions depzanda on thz possibility
of shifting thz asymptotic solution in ¢t (or in u) so as to accouat for thz
dzlay pariod in bubbla gzowth, It is meczasary that one bz fra2 to 3hill tha
asymptotic sclution sinc: .tha duration of th2 d2lty period dzpznds complztely
oa the choicz of the h2at sourcz t2zm -whila the sudsequant tehavior of the
bubdlz i3 indzrz2ndant of this tzrm, A mz2an3 for making an azditrary tima
shift i3 furnishad by notiag that, in addition to the asymptotic soluztion of
Eq, {23), =q, (17) also posszsaza thz solution plu)=1. It will nrafore be
ajou.n2gd thal iz asymplotic solutioa 13 dz2acribzd by

plu) = 1, 0<u$ul, (29)

u
"v) dv 1 1 a 1/3. 2
B = le =y v— — (P7p), u>y. {30)
j:. (u-v)'/ P 6p' du ' !

BEquatlon (27) is multiplied by (z- u)"l/z and int2grated from

u=0 to u=z to give £q. (28).
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From Eq. (19a), one has corresponding to Eqs. (29) and (30)

u i‘.. 0<uguy ,
_ A dv
t = :f vk renlile (31)
o P (¥v) u
u
1.1 dv
T*:f 74 BUN B

l -

80 that u;/a represents the duration of the delay period in the growth, The
time delay may ba introducad explicitly in the asymptotic solution for u >y
by use of the fact that, if p(u) is a solution of Eq. (30), plu+ “o) is also a
solution where u, is a constant. A consistent scheme for continuing the
asymptotic solution may then be found by taking the solution to be of the form

plu) = 1, 0<ugwu, (32a)

Vo 2o (g /2 b, | b, b 8n(u-u°)
plu) '“(u ﬂo)‘ [li‘mi’...‘f(‘l-‘:’f)ﬁi' (u.“o) R

u>u, (32t)
9

to s:vza lzyma, When tha cozfficianis bk have bza2n detzrminad, ths
diu-r'-'nca (u -u ) is fizced by th2 requirameant that p(nl)- 1, Thaz2 dz2lay

period :; zmn datzrminad by thz choicz of u .

‘ When (32b) i3 substituted in the intzgral on thz 12§t aide of Eq. (30)
the rasult h

(u v l/‘!I"(::/f:) (u-u )1_5 37 I/‘l"(-;l/i'») (u-un)[/0
.g . 1 (e s _2h(-2/e)  _ bs D6
A= “)(u w P/ 37/ Crias) (uea S0 30740 (1/5) (u-uo'gr -+ 2 (u-u_)
(33)
n/é

m
. 9Hi3h3r terms are of thz form [zn(u-uo)] /tu-uo) ;, where m
and n arec intagers,

10
Su

e the app&,ndh for the evalnation of the integral,
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. By Zq. (30), this oxpreasion is also asymptotic to ’

(34)
If (34) is expanded by (32b), the coefficients of corrosponding powers of
(s -uo) may be equated to give a set of successive equations for the para -

meters b,, LPYIE +bg + At sach step, one has a linear vquation for the
unknown paramecter. A tabulation of these paramaters for various superheat

conditions in watar for an extaraal prassure of 1 atm, i3 givan in Table I1.
- The leading terms in the asymptotic solution are

p = (R/Ro),ao-'-z-.-. /2 [H-O(u'!ﬂ)] :

tn 3 (5!-*)‘/3“‘/3 fx+o(u"/°)] ;

2.2

e R .
T-Tv-—2  [1s0 I/"’)] . ¢
! Thus, / _ a
: 1/2 -
: 2.at ~1/2
1 R"URQ (5—5:(%-) | 1+0{¢ / )] ; (35)
| - o2r 2 |
! s O ~1/2
T-To'\' - -—A-- [I+C(t / )] . (3%)
| '
. '5 Th2 vagor density o' may be azT jeximatad by a linzar fuaciion of
f; - p . 7 J
N { th2 tamzaraluze ovar the 3mall rangzof pzasant concarn, Coaniaguenily
; £ : Pl €03, o [l -3--9{?.'1 ?)] - av t—>¢e ,

by Tas (35), T2 voluma of 2 duyhdl ¥, oa the olhaer haad, b:haves liks

R~ const, « 8/2 [H- C(t'g”;)]

Ay t—> o ,

It i3 avidant that the vazor d2naity vaziaa alowly in tha agymptotic ranqs
comparad with ths buddla v ymz so that the n23l2ct of dpt/at comnared
with dR%/dt in the formu

0 of the boundary condition of £ q. (11) is
juatified,

e e i
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Ir1i, COMPARISON Wi™H SXPERIMENT AND CONCLUSION

With the valucs of the consiznts given in Table 1I, radius-time curves
have been computed for water at | atm for superhcats in the range of 102°¢c
to 106°C, These curvas are prusented in Fig, 1. Inasmuch as the delay pariod
may be chosen arbitrarily so far as these asymptotic solutions are concerned,
the time scale is determined only within an arbitrary constant which varies frorn
one curve to anothor., The actual spacing of the curves as presented was chosen
80 that the time intercepts at R =0.04 cm were equally spaced,

Observations have been made by Dergarabedian" on the growth of
vapor bubbles in superhecalcd watar. The comparison between the theorstizal
curves and the observed values is shown in Figs, 2, 3, and 4, Tha theoreti-
cal curves were obtained by interpolation from the values graphed in Fig, 1,
The time origins for both the thaoretical curves and the experimental points
are both arbitrary so that a time translation of the theoretical curve has been
made in each case to give the bost fit, The agreement is, howevar, scen to
be very good. The irnportance of the cooling effect i3 evidant from Fig, 2
whare the Rayleigh solution {Eq. (7)) is also shown,

Equation (35) gives for ths leading term in thz asymptotic vzlocity

. R 1/2 a1/ HT -T,) 1

B @ T oW (s7)

Wailz thz aumb2r of terma given in Tq, (32b) i3 sullicient for hijh accuracy in
thz ranje of valuzs of R u3zz2d in Fiza. 1 - 4, thz 12ading term ir. Bq, {37D) i
ia a7TIT by azsrozimataly 10 to 3675 for i3 smallzat valuas of R, Thais 12ad-
i ; ‘2o i3 onificd. :nlly simplz, kowavar, that a rouga phyosical argumant
should giva the esazntial vaziation of Tq, (37)s Th= argument i3 a3 followss
At a timz2 t at which the budblz zadiny R i3 much greater thwn R o' tha
dill2r:nce batwean ths tampazaduse in 442 lquid at the bubblz wall and that in
thz2 liquid at a distaace 13 only aligally 12a0 than T o~ Tpe This tem zrature
drop tak23 placa principally in a liquid layer around the bubble of approximata
thickn2s3 given by the diffusion length (D t)!/ Z-' The heat flow into thz butbie

11

P, Derparabeding, J, Appl. Mech,, in press,
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per unit time is thorefore given roughly 'by

. (T ,-1)
Qek(;t D awR® (38)

The heat requirement per unit time of evaporation, on tha other hand is
@ = L g Ger’p)uarPRLp . (39)
When {39) is equated to (33), there results

o k"ro - .rh)
) V) ; : (40
Lo (Dt)72 * )
which agroes in ordsr of magnitude with the leading tarm as given by Eq. (37).

Some experiments Bave recenily been performsd by Dexgarabedian on
vapor bubble growth in pure CCS, . At moderats superheats, ita vapor
preasure curve is approximataly paraliel to that of water, displaced to lower
temyperatures, I tha ratas of bubdble growth in thzae two liquids are com-
pared at tha same valuz of the tamyeratura diffarence (T° -T,), they should
thus ba roujaly ia the same ratlo as kiL p’D‘ / 2) for tha two liquids, This
consiant i3 akout 3, 3 graater ia walar than in cazbon t2%7achlorids,

D2rsyzabzdianls ov3z2zvaltions on buddle gro-viho are in good agr2imment with
i3 valua,
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APPENDIX

Evaluation of thu Tomperature integral (Eq. (33))

By differcntiating p{u) (Eq. (32b)) and substituting into the temperature
integral thers results, after a change of variable,

“f“ oyt

%
o1 1 dv “[; b, ] 1 +[1 b, ]1
N P I -T2 3-(:::}‘73 Mo " | 3 u-u 78|76
u"“o
_[1 by ] 1 _[;__fs } . '
Slaeu 70 | FE T TR PR

] { .‘.‘.6.’.'.] [m; m-u)‘-z] 1w
u-u, ° - v "

Congidar a typical ini2gral appeariny in (1),

1 (,. ' Vo-ld'7 (b
N B '

For 0<xz <1, R={7)>0, tais iz M hyserjgzomntzic fuaciion™
o= e | o ]
L) = 5 [ FQ/2 s5003 1)« {1/2, 5534 0;) |, (c)

L LaRING), L e

+
F(171/3) = ar x-—->0" , (4)

By an argumant daszd on ths thaory of analyiiz continuation, howavar, it may
ruadily ba shown that {c) is valid pravidad oaly that h <x <, sf0, =1, <2, ..,

and hancz that (d) holds jor 0<x <1, Re(s)>-1, r s=0, (d)is

* - :
E. T, Copisu, Intraduction t5 Theooy cf Funatinng of o Comnlox
Yariable, {(Oxfor! Hulv, e 15, Losn),

W2, Y

»

ey
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moaningluss, but gives a correct result under a limiting procedurc. By

diffarontiating {d) with respact to s at s = «1/2, one readily finds

j;' ‘n(\;-tiv N-wa;%-z(&nxi-?) as x -0t o {e)

With the aid of (4), (c), Eq, (a) therefore becomes
u
" f vidv
ul (u-v - ’

. b b
1 2
~ | 1+.89266 +.77306
{ ‘ (u- “J; ; {u- 00?7 :
b

. 4 =5 6
+.47545 +,27450 - + 2 m——
: (u-uOF;‘E (u-u‘j; : (u-uo)

2 1 ' /6 by b, b4
- > {4, -u ) 1+ + +
e AR L en abey R e
b, , n{uy-u ) '
+ + by et (f)
(u‘-uo 1" %

-

afiar a rznrrahg:m‘ent, sevzral terma cunc2lling, The " «functions appear-
a7 in (8) have beea cvaluated numerically in (f), By comparison with the
asymptotic form for pl{u) of B3.(39) th2 lajt term in {f) may be writtzn

1

2
-(:;:)[72' 7 b3- wp(yu,))

Inaamuch as p(ul)=l by assumption, Eq. (f) reduces to Eq. (33) of the
text,
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Fig. 1 - Calculated bubble radius versus tima curvas at ‘s

indicatsd supsrhaat tempzratures in watar at 1
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Comparison of thzoretical bubble radius-timaz values with
experirmental values i‘_y'\ water at 1 atm with a suparheat
temparaturz of 103,1°C. The solid curvz is the Rayleigh
growth curvz n:glecting the cooling effect; thz dashed

curve includes this cffcct by the method indicated in the text.
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